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Abstract—This paper represents the first in a series culminating a four-year study§ of heat transfer in

annular passages. A general formulation is developed herein, and the contributions of the several

phases of the program outlined. Apparatus used in experimental evaluation of annulus heat-transfer
functions is described, and an extensive bibliography of annulus literature is included.

NOMENCLATURE
A, area, ft?;
cp, specific heat at constant pressure,
Btu/Ib degF;
flow passage hydraulic diameter, ft;
k, thermal conductivity, Btu/h ft degF;
q”, heat flux, Btu/h ft?;
7, radial co-ordinate, ft;
Reynolds number, Uy Dp/v dimension-
less;
S, circumferential co-ordinate, ft;
temperature, °F;
U, x velocity component, ft/s;
mixed mean velocity, ft/s;
V, r velocity component, ft/s;
W, angular velocity component, ft/s;
x,  axial co ordinate, ft.

Greek symbols

a, thermal diffusivity, k/pcp, ft?;

8,  displacement of axes, ft;

enr, eddy diffusivity for heat in the r-direc-
tion, ft?/s;
eddy diffusivity for heat in the &-direc-
tion, ft?/s;
&%, heat flux function, dimensionless;
0%, wall temperature function, dimension-

less;
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6%, mean temperature function, dimension-
less;

6, angular co-ordinate, radius;

p,  density, Ib/ft3;

v,  kinematic viscosity, ft?/s;

¢, dummy axial co-ordinate, ft.

INTRODUCTION

THE annulus represents a common geometry
employed in a variety of heat-transfer systems
ranging from simple heat exchangers to the
most complicated nuclear reactors. While there
have been numerous studies of both laminar and
turbulent heat transfer in annuli, in general
previous efforts have been rather restrictive in
their scope, in terms of the geometrical para-
meters, working fluids, and thermal boundary
conditions. This paper is the first of a series
which represents the culmination of an extensive
four year study of annulus heat transfer at
Stanford University [1, 2, 3, 4, 5]. It is designed
to serve as a basis of departure for subsequent
phases of the program. Here we formulate the
problem of annulus heat transfer in general,
outline the contributions of each of the pro-
gram phases, and describe experimental appara-
tus common to several annulus experiments. No
detailed review of the literature will be made, but
a bibliography of pertinent publications is in-
cluded here. Previous contributions to each
phase of the program will be described in the
subsequent papers.
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Fii;. 1. Co-ordinates.
FORMULATION

The co-ordinate system used throughout is
shown in Fig. 1. The point x = 0 will be used
to designate the entrance to the annulus, where a
uniform velocity profile is assumed to exist.
Velocity components in the v, r, and & directions
will be denoted by U, V, and W, respectively.
We consider impermeable walls, and in general
U, V, and W will be functions of x, r, and 6.
For the concentric case (8 == 0) W will be zero,
and U and V¥ will be independent of ©&. For
hydrodynamically developed flow, V' and W
will be zero, and U will be independent of x.

Although the hydrodynamics is an essential
part of any convective thermal analysis, the
velocity fields employed in analyses in subsequent
parts are obtained in decidedly different manners.
For the purpose of development of the general
convective heat-transfer approach we will con-
sider that the velocity field is known, steady,
and independent of the thermal field. In ad-
dition, for the case of turbulent flow, we assume
that eddy diffusivities for turbulent heat transfer
in the r and @ directions, egr and ey, defined
in the usual way, can be evaluated from the
turbulent velocity field, and are independent of
temperature. We neglect both eddy and mole-
cular conduction in the flow direction. With the
additional idealizations that the temperature
field is independent of time, that enthalpy
variations are due only to temperature changes,
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and that the thermal and transport properties
of the fluid are constant, and neglecting conver-
sions of energy to thermal forms within the
fluid. the differential equation describing the
temperature field may readily be obtained from
encrgy and mass balances on a differential
control volume of the r-&-x space, and is

¢ 7‘ T Y | e
o Vl(ﬁHr**‘ a) i | T (er,, | ) ("‘(;)‘J
= Ur er ,,,z""f " ol |
=Ur oo Wy (1

This equation is considerably too general for a
tractable treatment of annulus heat transfer.
However, we wish to develop a very general
superposition approach, in terms of four kinds of
fundamental solutions, which may be obtained
analytically or experimentally. Analytical solu-
tions, obtained after further simplifications, are
included in subsequent parts.

THE FUNDAMENTAL SOLUTIONS

The idealizations described above imply that
the coeflicients in (1) are independent of tem-
perature; consequently (1) is linear and homo-
geneous in T, and the sum of multiples of any
solutions will also be a solution. We can, there-
fore, obtain rather complex solutions by adding
together a variety of simpler solutions. Upon
reflection it appears that with four kinds of
fundamental solutions most types of boundary
conditions can be handled. While the following
development can be extended directly to cases
where circumferential variations in wall tem-
perature or heat flux are prescribed, or where the
inlet temperature profile is non-uniform. we will,
in the interests of clarity, omit these possibilities
and consider only fundamental solutions neces-
sary for handling problems where the inlet
temperature is uniform and the prescribed wall
boundary conditions are independent of the
circumferential co-ordinates S; and S,. The
fundamental solutions are all dimensionless, and
the reader will perhaps find it convenient to
replace ¢ by 6 in (1). where #(x, r, @) represents a
dimensionless field. Dimensional temperature
fields will be obtained later by multiplication of
the fundamental solutions by appropriate con-
stants. ‘
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1. Fundamental Solutions of the First Kind
We let 8 (x, r, @; £) denote the solution of
(1) satisfying the boundary conditions

(a) on wall j for x < ¢

g =0, (b) on opposite wall for all x

(c) everywhere upstream of ¢

o =1, (a) on wall j for x > ¢

6 represents a solution corresponding to a
step temperature on one wall, with the other
wall maintained at the inlet temperature, and
henceforth will be called the fundamental solution
of the first kind.*

2. Fundamental Solutions of the Second Kind
We let 6 (x, r, ©; £) represent the solution of
(1) satisfying the boundary conditions

0 =0, (a) everywhere upstream of ¢

(a) on wall j for x < ¢
= (b) on opposite wall for all x
(1 (a)onwalljforx=>¢

6% represents a solution corresponding to a
step heat flux at ¢ from one wall only, the other
wall being kept adiabatic, and henceforth will be
called the fundamental solution of the second
kind.

3. Fundamental Solutions of the Third Kind
We let 6 (x, r, ©; £) represent the solution of
(1) satisfying the boundary conditions

( (a) everywhere upstream of ¢

o, = i [ (b) on wall j for x < ¢
(1 (a)onwalljforx > ¢
og®

PP = —Dp S =0,

(a) on opposite wall for all x

* This designation as to “kinds” of solutions was
developed by the authors in 1958. Subsequently the same
meaning has come into use for the first and second kinds,
following a paper by Dzung [6].
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0, the fundamental solution of the third kind,
corresponds to a solution for a step temperature
on one wall, with the other wall remaining in-
sulated.

4. Fundamental Solutions of the Fourth Kind
We let 0% (x, r, @; ¢) denote the solution of
(1) satisfying the boundary conditions

@(4) D 89;4)
T TP ey

[0 (a)onwalljforx <§
1 (a)onwalljforx = ¢

(a) on opposite wall for all x

4)
b =0, | (b) everywhere upstream of ¢
8, the fundamental solution of the fourth kind,
corresponds to a solution for a step in heat flux
from one wall with the opposite wall maintained
at the inlet temperature.

The values of the fundamental solutions and
their derivatives on the inner and outer walls are
of particular interest. We shall adopt a double
subscript notation where the first subscript
refers to the wall at which the quantity is evalu-
ated, and the second to the wall at which the non-
zero boundary conditions is applied. Thus, for
example, 09 (x, Si; €) represents the value of the
fundamental solution of the third kind at the
inner wall when the outer wall is wall j, [ = |
for x > £]. Similarly, &V (x, S,; €) represents
the value of — Dy [00%/on] evaluated at the
outer wall, and is in effect a dimensionless outer
wall heat flux corresponding to the fundamental
solution of the first kind in which for x > ¢ the
inner wall is maintained above and the outer wall
is kept at the inlet temperature.

In addition, the mixed-mean values of the
fundamental solutions, defined by

1
03 (s ) = - L4 UBP dA ¥)

are of interest. These represent, in effect, dimen-
sicnless mixed-mean temperatures.
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USE OF FUNDAMENTAL SOLUTIONS
Examples of simple solutions obtained from the
Sfundamental solutions
Example 1.

Suppose we wish to know the wall heat fluxes
for flow in an annulus with inlet temperature 7,
with outer wall maintained at ¢, over its entire
length, and the inner wall temperature distribu-
tion as follows:

{; 1oy X S.
1 7. x &

The solution can be expressed as a constant
plus a multiple of a fundamental solution of the
first kind, and is, as the reader can easily verify,

16,7, 0) = to + (1 — 107 (x,r. 01 6). (3a)

The heat flux from the inner wall would then be

,e Kdi
g, (x,8;)— ”k(( )
I

on

k
- o -t DY, Si5 €). (3b)

Dn
The mixed-mean temperature is similarly
tx) == 1 == (11 — 10) 8 (x: €.

Example 2.

Suppose we wish to know the solution for the
inner wall subject to a uniform and constant
heat influx ¢;” and the outer wall maintained at
temperature ¢, from the inlet, where the tem-
perature of the fluid is 7.. The solution can be
represented as a linear combination of a constant
(1), one fundamental solution of the third kind,
and one fundamental solution of the fourth
kind, as follows:

(3c)

rt

g, D

Kx,r, @) = 1, + X " dr(x,r, 0;0)

Lty -t IF(x,r, O 0) (4a)

The reader may verify that this indeed satisfies
the desired boundary conditions. The tempera-
ture distribution on the inner wall is

e

Do
ti(x, Sy = 1o+ O (. Si0)

_'* (t() " fl’) 8(:,) (xa Sfa O) (4b)
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and the heat influx from the outer wali ist

q.(x. So) — q," DU (x, S,: 0)

0i

k
- @L: (.‘:., A?{,; ).

Dy {d¢)

The mixed-mean temperature would then be

kh B (x:0)

XY fo 4 f{;’

1o} 8% {x: 0),

Conie

C ol (4d)

Example 3.

Consider the case where the heat flux is equal
to ¢ on both walls from the inlet to a point
X L, and thereafter the walls are insu'ated.
The inlet temperature is .. Of interest are the
wall temperatures in both the heated and un-
heated region. The solution is

D
nx,r, 8 g kh [0 (x, r. @ 0)

B2, r, O LY | 9 (xr, O 0)
g {x, 95 LY. {3a)

The inner wall temperature distribution would be

I(D
T S0

2 {x, Sit Ly - 09(x, Su; 0)

SBE N, S D)

o

tlx. Sy) =

{5b)

Similar expressions can be developed for 7, and
fm~

In the examples above, the reader will see that
the fundamental solutions are, in effect, “in-
fluence functions” in the superposition pro-
cedure, and there is indeed marked similarity
between the present methods and beam deflec-
tion analysis. More specific numerical examples

are included in subsequent parts.

GENERAL APPROACH FOR ARBITRARILY
SPECIFIED WALL TEMPERATURES OR HEAT
FLUXES

The superposition technique allows an infinite
variety of problems to be handled in a rather

“1_‘ -I-n:/erifyinrgmt‘his/'resixlt, recall that # always denotes
an inward normal direction.
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Fi1G. 2. Superposition of wall temperature and heat flux steps.

general way. Similar methods have been
developed for boundary layer flows [7] and for
circular tubes [8]. We imagine representing any
prescribed wall temperature (or heat flux)
variation in terms of the sum of infinitesimal
and finite steps, as shown in Fig. 2. Using the
four kinds of fundamental solutions, three
general solutions can be written, and these are
given in Table 1. All integrals appearing in
the general solutions are to be evaluated in the
Stieltjes sense where finite discontinuities in
the prescribed wall temperature or heat flux occur.

Usually one finds that the effects of axial
variations in wall temperature or heat flux are
only important when the axial gradients are
substantial in comparison with the fluid-wall
temperature difference [9, 10]. However, asym-
metric differences, i.e. different heat fluxes on
opposite walls, can produce startlingly important
effects. It should be observed that the general
solutions are able to handle both axial and
asymmetric variations, provided of course that
the fundamental solutions and the associated
functions are known. At the time of the initiation
of this study there was information in the
literature pertinent to laminar flow between
parallel planes (a limiting annulus) for uses of
the first and second kinds. The laminar annulus
problem had not been treated at all completely,
and existing treatments were not reducible to
fundamental solation form. Although a sub-
stantial body of turbulent data and some
analysis existed, further careful experimental
and analytical work was clearly needed, and
the present study was directed towards this
end.

GENERAL DESCRIPTION OF THE PROGRAM

The central objective of the present study was
the evaluation of the four kinds of fundamental
solutions. It soon became apparent that this
was a goal of such immense scope that it would
be impracticable to attain, but it was found that
sufficient information could be obtained through
combined analytical and experimental studies
to allow future prediction in a large variety of
important annulus heat-transfer situations.

A complete treatment of the four fundamental
solutions for hydrodynamically fully developed
laminar flow in concentric annuli was obtained,
and will be reported in a subsequent publication
[11]. This includes a comprehensive analysis of
the eigenvalue problem, as well as asymptotic
solutions valid near the boundary condition
discontinuities. Experimental data giving ex-
cellent verification of the analysis were also
obtained.

An analysis of the turbulent heat transfer in
concentric annuli for the special case of pre-
scribed heat flux (second kind) with fully-
developed velocity profiles was made for a wide
range of Prandtl numbers, and confirmed experi-
mentally in tests using air. For Pr = 0-7 the
fundamental solutions of the second kind were
determined experimentally and will be reported
subsequently [12].

The apparatus employed in the annulus experi-
ments allowed experimental verification of the
superposition techniques for asymmetric heating,
but did not allow the effects of axial heat flux
variation to be studied experimentally. A
parallel-planes apparatus was used to study the
axial effects for the ““unity radius ratio annulus”
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First kind

Table 1. General solutions

Second kind

i fj(x) Te 1
i
i Dl B o 1 )
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i 1
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‘ k ol i
i
! t (.\) - te - i
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Third kind
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and the fundamental solutions of all four kinds
in turbulent flow were theoretically determined
for Pr = 0-7. A variety of examples were run
showing the effects of axial variations and
demonstrating the validity of the superposition
techniques [13].

The eccentric annulus studies were limited to
experimental studies with air, in both laminar
and turbulent flow. Some extremely interesting
eccentricity effects were observed [14].

The case of simultaneously developing laminar
velocity and temperature fields was treated
analytically, and experimental verification was
obtained for Pr = 0-7. In addition, some highly
significant data regarding the effect of radius
ratio on transition were obtained, and compared
with an approximate calculation of the critical
Reynolds number in developing annular flow
[15].

THE ANNULUS APPARATUS

The apparatus employed in the experimental
studies of annulus heat transfer is shown in
Figs. 3 and 4. The experimental annular tubes
were formed from four 6-ft long Inconel tubes.
Two outer tubes had nominal inside diameters
1 in and 2 in, and two inner tubes had nominal
outside diameters, ¢ in and } in. Thus, when
assembled, four different circular annulus radius
ratios could be formed with nominal ratios
0-192, 0-255, 0-375, and 0-500. In addition, some
less complete experiments were performed with
hypodermic tubing, 0-058 in diameter, mounted
inside the 2-in outer tube to give a radius ratio
of 0-029.

Plenum Turning Vanes
Screens Nozzle
s,/

Outer Tube
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The tubes were mounted vertically with air
flow from the bottom upwards. A nozzle entrance
was employed on the outer tube, and then
there followed a 2-ft velocity developing section.
For turbulent runs, sandpaper boundary layer
trips were attached to both inner and outer
tubes 4-5 in from the nozzle since it was found
that the turbulence level of the entrance system
was so low that laminar flow would persist to
very high Reynolds numbers, and also transition
apparently does not necessarily occur at the
same axial position on both surfaces of an
annulus.

Heating was accomplished by passing low
voltage AC through the lengths of the Inconel
tubing. Heating was then at essentially constant
heat rate per unit of tube length, and it was not
possible to vary heat flux axially, although of
course any degree of heating asymmetry could
be established (excepting negative heat flux
ratios, there being no way to cool the tubes).

The outer tube was supported in three lucite
holders, two at the extreme ends of the tube and
one at the point of the electrical connection to
the heated tube. The core tube was held by two
aluminum holders mounted 8 in beyond the
ends of the outer tube. To minimize eccentricity
the holders were clamped together and bored
simultaneously. While clamped, two aligning
holes were drilled and reamed through all of the
pieces. During the assembly on the supporting
channel these aligning holes were brought into
line with a transit equipped with a traversing
rack. Machined brass plugs with a central hole
0-032 i.d. were pressed into the aligning holes.

LN B
Ly AU UL AT/ R ///// /1111, /1 L A1 f TP 00

S ERACIT O

F1G. 3. Experimental annulus assembly.

21
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)

_Current bus %~ Thermocoupie g Th
Leads /_ ] Legg:ocouple
Section A-A Section B-B Section C~C

Fi1G. 4. Core tube thermocouple installation.

These holes were readily distinguished by the
transit during the assembly, and it is felt that
the axial misalignment of the holders was less
than 4+-0-015 in.

Four brass aligning spheres were made each
having a diameter 0-010 in less than the annular
gap provided by the four geometries. During the
running of the tests the concentricity was
periodically checked by lowering the appropriate
sphere into the test section from the top. This
insured that the axial misalignment was less
than 4 per cent of the smallest gap width under
all conditions.

In spite of these precautions, some difficulty
with eccentricity and poor flow distribution was
encountered but the several peripherally located
thermocouples provided an effective check on
both of these effects. It was ultimately possible
to obtain peripheral temperature variations with
less than } degF maximum differences. (Experi-
ments with an eccentric annulus will be described
in a later paper.)

The power expended in the tubes was
measured with an ammeter in series with and a
high impedence vacuum tube voltmeter across
each tube. Local mixed-mean temperatures were
deduced from the measured flow rates and power
inputs. Power was transmitted to the outer tube
through copper bus rings soft-soldered to the
outside surface, and to the inner tube through

the copper bus rods shown in Fig. 4. ln the
experiments for hydrodynamically developed
flow a 2-ft unheated section was provided in
front of the 4-ft heated section. The tubes were
reversed for the studies involving simultaneous
development of the velocity and temperature
fields.

The entire assembly was insulated with several
inches of fiberglass. Heat transfer from the
inner tube was assumed to be equal to the
measured power input to the tube, heat leak to
the ends having been determined to be negligible.
Heat transfer from the outer tube to the internal
air differed from the measured power because of
heat leak through the insulation. The magnitude
of the heat leak was established by blocking
the ends of the tubes and running calibration
tests, a procedure that was repeated every time
the insulation was re-installed. In turbulent
flow, the outer tube heat leak varied from a
maximum of 5-8 per cent of the power input
at the lowest Reynolds numbers to 0-4 per cent
at the highest Reynolds numbers. Somewhat
greater heat leaks were encountered in the
laminar flow runs.

The temperature measurement system con-
sisted of two thermocouples in the air stream
upstream of the nozzle, and then forty-two more
on the annulus tube walls. For the r* = 0-029
experiments the inner tube was too small to
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permit use of multiple thermocouples. Instead, a
single thermocouple was strung through the
tube so that it could be moved up and down the
tube to any desired position. All temperatures
were made from calibrated 30 gage iron-constant
wires. Outer tube thermocouples were spot
welded to the tube, wrapped around once to
minimize wire temperature gradients, and in-
sulated against heat leak. Core tube thermo-
couples were fabricated on the outside of a
tight fitting plastic insert, as shown in Fig. 4.
The copper bus leads were soft soldered into
place after insertion of the instrumented insert.

The air entered at the lower end of the sup-
porting channel which was sealed to provide a
small chamber 6 in on a side. To facilitate the
right angle turn made by the flow a set of sheet
metal turning vanes was mounted inside the
plenum chamber.* The entrance is a wooden
elliptical nozzle. The joint between the nozzle
and the tube section was carefully filled, sanded,
and varnished to provide a continuous wall
surface and to avoid tripping the boundary
layer during the laminar flow runs. Screens were
placed just upstream of the nozzle to reduce the
turbulence level and promote uniform distribu-
tion of the flow. The velocity profile leaving the
nozzle was measured and found to be slightly
dog-eared (7 per cent higher velocity at edge).
With a short extension, the velocity profile
flattened to within 2 per cent of the centerline
velocity. Accordingly it is felt that adequate
turning and straightening of the flow was
obtained. The turbulence intensity, as measured
with a constant temperature linearized hot film
anemometer [1] was less than § per cent when
three screens were used, and of the order of
2 per cent when only two screens were used.
The low turbulence level was obtained in all
laminar flow experiments. The air, at essentially
atmospheric pressure, was provided by a blower
and metered with an ASME standard orifice
installation. A variety of orifices were used
to provide a range for accurate flow measure-
ment (41 per cent) of from 1 to 750 cfm.

The 2-ft unheated starting length was deemed
sufficient for turbulent flow experiments on the
basis of an analysis of Deissler [16]. For a

* The vanes were removed in later turbulent experi-
ments.
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circular tube, the wall shear stress becomes
“fully developed” after about five diameters of
flow. This analysis assumes a turbulent boun-
dary layer from the inlet, when in actuality a
laminar layer will form first. However, it is felt
that the addition of heavy tripping established
the virtual origin of the turbulent layers within
five diameters of the inlet, so that in excess of five
diameters were stifl available for developing
the turbulent flow. In the worst case twelve
hydraulic diameters were available for entrance
length development, with more than this for the
radius ratios nearer unity. Although the appara-
tus was designed primarily for turbulent flow,
it was surprisingly possible to get good data in
laminar flow. In the Reynolds number ranges of
interest the laminar velocity profile is still
developing in a tube at twelve diameters.
Evidently, however, the small departures form
the fully-developed laminar velocity profile did
not seriously influence the laminar heat transfer,
for good agreement between the experiments
and the theory for hydrodynamically developed
flow was obtained [11].

Data were reduced via digital computer
program. The apparatus and the data reduction
techniques are described more fully in references
[2], [4], and [5].

CONCLUDING REMARKS

The general approach to the problem of heat
transfer to laminar or turbulent flow in annular
passages developed in this paper will be applied
and compared with experimental results in
the subsequent parts. In general the super-
position concept is found to be supported by the
data. The effects of asymmetry in the heat flux
of wall temperatures is usually significant, while
the influence of axial variations on the local
convection heat-transfer processes is less pro-
nounced.
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Résumé—Cet article est le premier d’une série couronnant quatre années d’études sur les échanges

thermiques dans des conduites annulaires. Il présente une formulation générale du probléme, les

contributions de plusieurs phases du programme, décrit ’appareillage expérimental utilisé et donne
une importante bibliographie.

Zusammenfassung—Die vorliegende Arbeit ist die erste einer Reihe, die iiber eine vierhdhrige For-
schungstatigkeit an Ringrdumen berichten soll. Es wird eine allgemeine Formulierung entwickelt und
verschiedene Phasen des Programms werden dargelegt. Die Versuchsapparatur zur Bestimmung des
Wirmeiiberganges in Ringrdumen wird beschrieben und diesbeziiglich eine ausfiihrliche Bibliographie

angegeben.

Annoranus—Hacrosnaa cratbs ABIAETCA IEPBOil U3 cepuu crareif, oGobmaoei pesyib-

TATHL UYeTHIPEXJIETHEr0 M3yYeHHS BOIPOCcA TemIoo6MeHAa B KOJbLeBHX kKanamax. Jlaercs

obman opMyIMPOBKA 3a4aYM M BKPATLE OMUCHIBAIOTCH PE3YJIbTATHL KaMKEOr0 aTalla UCCIe-

JoBaHuA. [JaHO OmMCaHUe yCTAHOBKU, HCHOJIB3YEMOI 1A HKCIEePHMEHTAILHOrO ONMpPefelIeRI

IIapaMeTpoB TeImIo00MeHa B KOJBHEBHIX KAHANAX, a TAKMe NpuBefeH oOmupublii 6ubamor-
padmyecknit Marepuad.



